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ABSTRACT

In recent years, the rapid development of micro/nanosystems raises the demand of thermal optimiza-
tion of the new designs, and thus the accurate and efficient prediction of phonon transport in meso-
scopic systems with complex interfaces is required. This work proposes a hybrid Monte Carlo-discrete
ordinates method (MC-DOM) for steady-state phonon transport in such systems by developing an al-
gorithm to exchange information between MC and DOM subdomains. Based on the phonon Boltzmann
transport equation which is physically compatible with the system scale, our formulation exploits the
computational efficiency of DOM in the bulk region with flexibility of MC near complex interfaces. The
cross-plane phonon transport through the thin films is considered first as the benchmark for method
verification, whose results agree well with those calculated by numerical and analytical solutions. It is
noteworthy that compared to MC as a pure particle method, the hybrid method runs faster over a hun-
dred of times for the temperature calculation when high-precision results are needed. The hybrid method
is then applied to simulate the in-plane phonon transport through the double-layer thin films with rough
interfaces. It is found that for rectangular interfaces with different roughness, the interfaces perpendicular
to the heat flux will cause a larger thermal resistance than the parallel ones. Our hybrid method enriches
numerical tools for mesoscopic phonon transport simulation, and is helpful to reveal the mechanisms

behind and optimize the heat transport in micro/nanosystems with complex geometries.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

The mechanism of heat transport at micro/nanoscale becomes
more and more important for optimized thermal designs of mi-
cro/nano devices, such as electronics and thermoelectrics [1,2]. At a
small scale, the contribution from interfaces is non-negligible and
the classical law of heat conduction may fail [3-6], which makes it
essential to study the interfacial heat transport at micro/nanoscale
beyond Fourier’s law. In this work, we focus on the steady-state
phonon transport in mesoscopic systems with a geometrically bulk
region and complex interfaces (such as dislocation, roughness and
grain boundary), considering that such systems are often encoun-
tered in engineering applications and the phonon acts as the major
heat carrier in the traditional semiconductor devices.

The main challenge of simulating such systems originates from
the coupling complexity of mesoscopic physics modeling and com-
plex interface treatment. Physically, the phonon transport in the
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whole mesoscopic system is dramatically impacted by the sys-
tem boundary/interface and shows a ballistic(-diffusive) behavior,
which means the region where kinetic effects are important is no
longer sufficiently localized and small, making the diffusion for-
mulation no longer valid even in the geometrically bulk region
[7]. Thus, those hybrid methods based on domain decomposition
and utilizing the deterministic macroscopic equations in the bulk
region, such as the diffusion equation solver for bulk heat trans-
fer coupled with special interfacial solver (as the counterpart of
those for fluid flow [8-10]), will not be applicable for such systems
[11-14], while other efforts incorporating thermal fluctuations into
macroscopic hydrodynamic formulation provides a useful approxi-
mation rather than the actual variance of the heat flux which can-
not be utilized to capture the details of phonon transport, such
as fluctuating hydrodynamics and dissipative particle dynamics
[15-17]. Besides, first principles calculations such as molecular dy-
namics simulations are too expensive for treating phonon transport
at the mesoscopic scales [18-21]. Thus, a kinetic description based
on the phonon Boltzmann transport equation (BTE) offers a rea-
sonable balance between physical fidelity and modeling complex-
ity and is able to accurately describe the phonon transport behav-
ior as the characteristic length scales of the system approach the
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phonon mean free path. However, it is not an easy task to obtain
the solution of BTE, especially when it comes to the system with a
complex geometry. This leads to the second issue, i.e., the numeri-
cal treatment of rough interfaces.

Two branches of BTE solvers have been developed, i.e.
discretization-based deterministic ones and particle-based stochas-
tic ones [22,23]. The former ones may include lattice Boltzmann
method (LBM) [24-26], discrete kinetic scheme (DUGKS) [27-
29|, discrete ordinates method (DOM) [30-33] and others [34],
while the latter ones mainly refer to the Monte Carlo methods
(MC), covering from the gas, phonon, and photon transport [35-
42] to the hybrid simulation of electron-phonon coupled transport
[43-46]. Though the high dimensionality of the distribution func-
tion adds the computational costs for discretization, the deter-
ministic characteristics enable those methods to simulate phonon
transport with a high precision within the bulk regions, but usu-
ally shows a poor performance near the complex interfaces due to
the required additional special treatment such as boundary mesh
refinement, which is often the case for DOM and DUGKS with rel-
atively dense discrete points in angular discretization, while LBM
has a rather simple boundary treatment formulation but compro-
mises with less accuracy. On the other hand, particle-based meth-
ods could naturally simulate advection processes without stability
issues, which makes them particularly appealing to capture the in-
terfacial behavior of incoherent phonons. However, MC methods
suffer from enormous computational costs from the large number
of required computational particles to suppress the statistical fluc-
tuations emerging from the relatively large bulk parts of the sys-
tem [23].

This work proposes a hybrid method coupling MC and DOM
in a manner of domain decomposition to simulate the phonon
transport in mesoscopic systems with complex interfaces, which
embeds the deviational MC method within a BTE-based contin-
uum grid by considering the detailed energy conservation in each
phase element. It enables particle-based treatments to capture the
phonon behaviors near the small region of complex interfaces,
while simulating the phonon transport in the large bulk region in
a deterministic way which leads to a better balance of accuracy
and efficiency. A novel algorithm for the information exchange at
the interface between the MC and DOM subdomains is proposed
based on the formulation of cumulative distributions, and the indi-
vidual methods inside the MC and DOM subdomain in the present
study follow the author’s previous works [47-49]. Specifically, the
energy-based deviational formulations of MC method based on the
linearized phonon BTE is used to reduce the statistical variation,
ensure the exact energy conservation and acquire additional com-
putational benefits [50,51], and the steady-state scheme under the
small temperature difference (so called the “kinetic-type” MC) is
adopted in developing the present hybrid method to avoid extra
simulation for the transient evolution [52,53]. To match the de-
viational MC formulation, an intensity-based deviational steady-
state equation of phonon radiative transfer in the geometrically
bulk region is solved by phonon DOM, with the Gauss-Legendre
quadrature used in frequency domain to improve the algorithm ef-
ficiency compared to the uniform discretization [7,33,48]. Though
the hybrid MC-DOM algorithm has been developed for neutron and
photon transport and applied to the radiation shielding problems
[54-56], the formulation for phonon transport has rarely been re-
ported yet. Our hybrid scheme provides an accurate and efficient
way to deal with the ballistic-diffusive phonon transport inside the
complex geometries.

In this work, we will mainly focus on the coupling model devel-
opment and method verification, and preliminarily showcase our
performance advantage and wide applicability. The remaining part
of this article is organized as follows. Section 2 gives the formu-
lation of hybrid MC-DOM modeling, containing the phonon BTE-
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based formulations of the elementary intensity-based DOM and
energy-based MC methods and information exchanging algorithm
at the interface between the DOM and MC subdomains. The verifi-
cations of the new hybrid method are given in Section 3, in which
we consider the one-dimensional (1D) cross-plane phonon trans-
port through the single/double-layer thin films, and the algorithm
efficiency is compared with a pure Monte Carlo method and dis-
cussed regarding the former case. The hybrid method is finally
applied to the two-dimensional (2D) in-plane phonon transport
through a single-layer thin film and the double-layer thin film with
rough interface in between in Section 4. Conclusions of this work
is presented in Section 5. The numerical details of deviational DOM
algorithm in low-dimensional systems are listed in Appendix A.

2. Formulation of Hybrid MC-DOM Modeling

In this section, the mathematical formulation of proposed hy-
brid MC-DOM modeling is introduced. Since our whole method
stands on the basis of phonon BTE with singe-relaxation-time
(SRT) approximation, the phonon BTE-based formulation as well as
its deviational intensity-based and energy-based equivalent forms
is presented first. Then comes the coupling scheme of our hybrid
model, with the special attention on the information exchanging
algorithm at the interface between DOM and MC domains (referred
as the “contact interface” in this article).

2.1. Phonon BTE-based formulation

2.1.1. Phonon BTE with SRT approximation
The phonon BTE with SRT approximation reads [57]

AT
T(w.p.T)

Iy vyw.p) - Vf=

at : (1)
where f= f(x,t,k,p) is the phonon number density distri-
bution, with X representing the position vector, t the time,
w the angular frequency, k the phonon wave vector and p
the polarization; vg(w,p) = Viw(k,p) and t(w,p,T) are the
frequency-dependent group velocity and relaxation time of
phonons; fid = f9(w, Tyst) = 1/[exp(hw/kgTys.) — 1] denotes the
pseudo-equilibrium phonon distribution at the pseudo-equilibrium
temperature Tpe;‘e. The equilibrium temperature T and pseudo-
equilibrium temperature are defined at each time and position by
the local energy and pseudo-energy conservation

> [ 1@ p) - 9@ T)D@. p)Pw =0 )
p

Z/ %(m"’p) — (0. Td))D@. pdPw=0  (3)
p k) E)

where D(w,p) = k*/(2w%vg) denotes the density of states for
three-dimensional materials and vg the magnitude of the phonon
group velocity.

Three materials are treated in the present work, including Si,
Al, and Ge, with the dispersion properties referred to Refs. [58,59],
and [60] respectively. The acoustic and optical modes are consid-
ered for both Si and Ge, while Al has the acoustic modes only. The
expressions of relaxation times of Si and Ge are both referred to
Ref. [61]. Specifically, the impurity and Umklapp relaxation times
are given by 77" =Aw* and 1! = ByTw? exp(~Cy/T), and the
normal relaxation times for transverse and longitudinal modes are
given by 7] = BrywT# and 7! = Binw?T3, respectively. The pa-
rameter for impurity relaxation time is derived analytically [62,63],
while the others including the boundary relaxation time tg are
obtained by fitting the bulk thermal conductivities throughout 0-
300 K, as listed in Table 1. The relaxation time for Al is set to
8.95 x 10712 s to fit the lattice thermal conductivity in Ref. [64].
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Table 1
Fitting parameters for various relaxation times of Si and Ge.
Material A By G Bin Bin 7!
Si 132 x 10% s> 1.00 x 1079 /K> 120K  1.00 x 10-'6 K4 500 x 1072 s/K  1.16 x 10°% s~!
Ge 240 x 10744 s> 8.50 x 10720 s/K3 32K 6.80 x 104 K% 250 x 102> s/[K  0.27 x 106 5!

In this work, the equivalent deviational forms of the steady-
state phonon BTE Eq. (1) are solved by DOM and MC in different
subdomains, which will be introduced in the following parts.

2.1.2. Intensity-based deviational DOM
The equation of phonon radiative transfer to be solved by DOM
reads [65]

-5 (Td
g +Vg(a)’ p) .VI = 7M

4
at T(w,p, T) "’ )
with  the  phonon intensity I=#hwfD(w,p)vg(w,p)/dm
and the pseudo-equilibrium  phonon intensity  Ijd. =

ho feD(w, p)vg(w. p) /4. To match the phonon transport prob-
lem that we are concerned about and the deviational MC method
presented in the next part, the steady-state deviational version of
Eq. (4) is introduced

19— (Ipse (Tose) — It (Tied))
T(w,p,T)

Vg(®,p) - VI = — , (5)
where 19 = ho(f - fo)D(w, p)vg(w, p)/4m is the phonon devi-
ational intensity, and I5=hwf 1D(w, p)vg(w, p)/4m the refer-
ence equilibrium phonon intensity, with the reference equilibrium
phonon distribution freeqf at the reference equilibrium temperature
T%1 prescribed before each simulation.

In the DOM algorithm, the spatial, angular, and frequency do-
mains are first discretized into Isu,]',l,m‘p =14, yu. 0}, 91, ®m, P),
where (x;, yu) denotes the spatial grid point, 6; the polar angle, ¢;
the azimuth angle, wy, the frequency, and p the polarization. Then,
Eq. (5) is solved by the finite difference method on the grid points
which is quite similar to the numerical techniques used in compu-
tational fluid dynamics, and the semi-implicit upwind scheme for a
stable iteration of spatial derivative terms is adopted in the present
study [33]. Once the phonon intensities at discretized points ob-
tained, the macroscopic variables can be calculated by summing
these intensities with certain weights. For 1D cases, the statistical
formulation reads

_2m 3 14(p, wm, 1)

T=2"2 w4+ T, (6)
G j.m.p Vg(P. ®m) " ref
q=2m Y 1(p. om, tj) i mmwW;, (7)
J.m.p

where Cy is the volume heat capacity, and u; = cos6;. The Gauss-
Legendre discretization for a fast and accurate integration is
adopted in the present study [47]. The variation of the macroscopic
variables between the contiguous iterations are also used as the
criteria of convergence in the simulation. For the detailed iteration
schemes of 1D and 2D cases utilized in the next sections, see the
Appendix A.

Three types of boundary conditions should be addressed here.
For the constant temperature boundary, considering a 1D problem
with the node 1 located at the left boundary (L) with constant
temperature T;, the boundary condition reads

v ,D)Co, (TL — T2
(I?_j,m,p)]_: g(wm p)4¢;’T( L ref)’ (8)

where C, = hwD(w, P)%Ho is the volume heat capacity per unit
frequency at equilibrium temperature T°, which is equal to the ref-
erence equilibrium temperature here. The assumption of the small
temperature difference has been used in deriving Eq. (8). For the
adiabatic diffuse boundary at the upper boundary (U) in a 2D
problem, the boundary condition is written as

/ ‘m.n,dQ = —/ “m - nyd<2, (9)
m-ny <0 m-ny>0

where m=vg/vg represents the unit vector at the direction of
group velocity, n, the unit vector along the y direction, and 2 the
solid angle. The phonon deviational intensities are distributed uni-
formly in all directions for m-n, < 0 based on the assumption of
complete diffuse scattering, which leads to the discretized form of

Eq. (9)
; 2 (Ifc-lM.j,z,m,p)U sing; /1 - Mij&
J

(ISM,j-l.m,P)U == p ,

(10)

where the summations over j and [ at the right side of the equa-
tion correspond to the discrete points satisfying m-n, > 0, and
wi/1— ;/,12 (&sing;) the weights of 6; (¢;). For the periodic heat
flux boundaries between the left (L) and right (R) boundaries, the
distribution deviations from the local equilibrium distributions are
required to be periodic. Since the external temperature gradient
has been considered in the prescribed reference equilibrium tem-
perature, the periodic heat flux boundary condition can be real-
ized by specifying the phonon deviational intensities to be equal
to each other at each polarization, frequency, and direction, i.e.,

d d
(Il.u,j.l,m,p)]_ = (IN.u,j,l,m,p)R'

2.1.3. Energy-based deviational MC
The steady-state energy-based deviational phonon BTE to be
solved by MC has been developed recently [50,51,66]

e — (eple (Tost) — erar(Te)

T(w,p,T)

Vg(@.p) - Ve' = — (11)
where ed = ho(f — ffeqf) represents the phonon deviational energy,
epse = hwfog: the pseudo-equilibrium phonon energy, and ef} =
hw ffe‘} the reference equilibrium phonon energy. As stated in the
introduction part, quite a few computational benefits are gained
from the above formulation, such as variance reduction, exact en-
ergy conservation, and additional efficiency enhancement.

The linearized version of Eq. (11) is actually solved under tiny
temperature difference assumption in the kinetic MC scheme, in
which the energy packets with an effective deviational energy 8gff
are treated independently along their trajectories accumulated by
linear segments separated by several types of scatterings. Specif-
ically, the computational particle, each representing an energy
packet, is emitted from the heat source one by one and tracked
until the particle exits the isothermal boundary or the simula-
tion time domain. During the tracking, the computational particle
may encounter boundary, interface, and intrinsic scatterings and
its contributions on macroscopic information is recorded. After all
the computational particles tracked, the macroscopic information
can be obtained statistically based on those contributions. For the
steady-state scheme of kinetic-type MC method considered in the
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+ DOM - MC |—>| Calculation in MC subdomain |—>| MC - DOM +

| Calculation in DOM subdomain |

£y

DOM boundary conditions

E

Assume initial temperature
in DOM subdomain

| Calculation in DOM subdomain |

!

| Update temperature in DOM subdomain |

Is relative error small
enough or number of
iterations large enough?

Fig. 1. Flow chart of the hybrid MC-DOM for phonon transport.

present work, the temperature and the heat flux can be obtained
as follows [51,52,66]

1 N
TZE ZO’,‘OSEHT -‘rT;_ee?, (12)
io=1
N
q= Z N0, Eeffs (13)
ip=1

where o;; is the sign of the ip-th energy packet in MC method, .
the effective energy rate of one energy packet [66], 1, the sign of
the velocity vector projection in the positive direction of the heat
flux, and N the total number of all energy packets colliding with
the interface normal to the heat flux direction. See Refs. [47,48,67]
for more detailed introductions.

2.2. MC-DOM coupling scheme

As a hybrid atomistic-continuum method based on domain de-
composition, the key point to the MC-DOM coupling scheme is to
develop a numerical algorithm to exchange information between
DOM and MC subdomains. The main idea of our treatment is as
follows. Since the phonon intensity calculated in the DOM subdo-
mains and the properties of computational particle (energy packet)
calculated in the MC subdomains should obey the “detailed en-
ergy conservation” within each phase element at the contact in-
terface in between, i.e., the both sides share the same distribu-
tion of phonon properties, an algorithm for information exchange
is proposed on the basis of the multidimensional cumulative dis-
tributions at the contact interface. In this subsection, the coupling
framework of hybrid MC-DOM method is introduced first, and then
the detailed information exchanging algorithm.

2.2.1. Coupling framework of hybrid MC-DOM method

The coupling framework of our hybrid method is presented in
Fig. 1. First, initialize the pseudo-equilibrium temperature distri-
bution within the DOM subdomains and perform the upwind cal-
culation from DOM boundaries for the angular components along
the wind direction. When the DOM calculations reach the contact
interfaces between DOM and MC subdomains, the phonon devi-
ational intensity calculated by DOM is converted into the prop-
erty of the energy packet to be emitted (see subsubsection 2.2.2).
The energy packets are then emitted one by one in MC subdo-
mains from the contact interface during which the intrinsic and
interface scatterings occur with the detailed implementations in-
troduced in Ref. [47]. The energy packets are tracked until they

|Random number: Rg, R, R
~

L1<Rp<_p

R, R)|

u>

Polarization : p

Frequency :

G (p.2,)

|Cos ine of polar angle: y»,l

C,. (po,

C,, (r0,) 7T, (0)
~

0 ty) o (B0wtt)

’wm"uj) Coy (p’wm’#f
~ L

G (p.o,.1,.0,) Cs (p.@,. 4,.9,)

G, (o, u.0) ° C (po,.u.0)

(VC"H (
Co, (

oy,

Azimuth angle: ¢

P
P

<Rs <

Fig. 2. Flow chart for delivering information from DOM to MC.

encounter the contact interface, or the total number of the scat-
tering events reach the prescribed values. The contributions of
the energy packets to the local phonon deviational intensities at
the contact interface are calculated (see subsubsection 2.2.3). Then
repeat the DOM simulation along the reverse direction from the
contact interface towards the DOM boundaries for the remaining
angular components, calculate the temperature within the DOM
subdomain, and replace the pseudo-equilibrium temperature with
the newest one for the next iteration. The relative error of the heat
flux or the temperature between two contiguous iterations is uti-
lized to compare with the error tolerance to determine whether to
output the results and end the simulation.

In the practical simulation, due to the fluctuating nature of MC
method, the relative error of two contiguous iterations may not
converge to the prescribed tolerance value. Therefore, an appro-
priate maximum iteration number is set as the condition of end-
ing the iteration process in this work. Besides, since the further
increase of the particle number has little impact on the compu-
tational time but strongly affects the accuracy after a sufficiently
accurate result reached in the DOM subdomain, the simulation is
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divided into two stages to efficiently obtain the required number
of the energy packets in the MC subdomain for a target error tol-
erance, as shown in Fig. 8. The iterations are first performed with a
small number of energy packets of MC, the value of which is deter-
mined through a try calculation. Once a relatively accurate result is
reached, the accuracy will be further improved by the increase of
the number of energy packets of MC until the target error toler-
ance is reached.

2.2.2. Information exchanging algorithm (I): DOM to MC

In this part, our goal is to transform the information at the con-
tact interface from the form of the prescribed phonon deviational
intensity on the DOM side to the unknown particle properties to
be utilized on the MC side. The main idea is to ensure the “de-
tailed energy conservation” in the phase element d2dwdS at each
phonon polarization p by generating the properties of the MC par-
ticles emitted from the contact interface according to the local cu-
mulative distributions in a random manner. Here, S denotes the
panel on the contact interface.

After obtaining the phonon intensity by DOM, the contact inter-
face will emit energy packets into the MC side as the heat source,
whose heat flux is expressed by:

= “m - ndQdwds, 14
=% L[] (14)

where m=vg/vg, n is the unit vector normal to the contact inter-
face pointing into the MC side. Since m-n is only dependent on
the polar and azimuth angles (6 and ¢) of the group velocity, not-
ing that m-n =V (0)P(¢) and d2 = sinfdfdy, Eq. (14) can be re-
arranged as:

q:szfs/(;/w/91(‘\11(9)<D(<p)sin9da)d9d<pd5. (15)

Eq. (15) is further reduced to a summation form as below by
performing Gauss Legendre quadrature in angular and frequency
domains [48]:

a= Y 1%p ©m 1), 1, S5) ¥ (1)) P (@) DmwW;E s, (16)
s,l,j,m,p

where the weights of w, i, ¢, and Sare represented by @wm, w;, &,
and &s. For 1D systems, W (u;) = uj, ®(¢;) = 27, and ¢ = 1, while

for 2D systems, W(u;) =, /1 —,uj? and ®(¢;) =sing,. Set Ns, N,

Nj, and Ny, as the maximum number of indexes of S, ¢, u, and @
in Eq. (16), and let N, denote the total number of polarizations.
In particular, Ny = Ns; =1 for 1D systems. The following cumula-
tive distributions over all phase elements at contact interface are
adopted to calculate the properties of emitted energy packets in
MC

S
Cs, (P, @m, . @)=Y _14(P. @m. 11, 91, S, ) Giy» (17)
is=1
1
Co (D @m, 11j)=Y_Cs,, (D, @m, 11, 93,) ()&, (18)
i=1
;
Cuiy (P, wm)="_ Cyyy (P, @m, i)W (i) ) Wi, (19)
ij=1

m
Con(P)= D Cuy, (P. @i . (20)

im=1

P

Go=_ Cu, (ip). (21)

ip=1
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Specifically, for each emitted energy packets in MC, five numbers
are first generated between 0 and 1 randomly, namely Rg, Ry, Ry,
Rw, and Rp. Then the properties of this energy packet to be emit-
ted is determined by comparing the random number with the cor-
responding normalized distribution on by one. For example, first
compare Rp, with the normalized distribution of polarization p, if

q . . .
p—’1<Rp<c%’, the polarization of the emitted energy packet is as-

Ny
signed to p; then compare R, with the normalized distribution of
. Co .
frequency w, if = m—l((;))) <Ra,<cc“’m (8), the frequency of the emitted
“Nm “Nm

energy packet is assigned to wp. The remaining properties of the
energy packet can be determined similarly. In this way, all neces-
sary information for the MC simulation will be obtained, indicating
that the information on the DOM side is successfully delivered to
the MC side.

2.2.3. Information exchanging algorithm (II): MC to DOM

In this part, our goal is to transform the information at the con-
tact interface from the form of the prescribed particle properties
on the MC side to the unknown phonon deviational intensity to
be utilized on the DOM side. Because this is only a particle-to-
continuum conversion, the algorithm here is simply performing the
local statistics, i.e., to collect and count the number of the particles
reaching the contact interface in each phase element.

Since the energy is conserved at the contact interface, the heat
fluxes expressed by MC and DOM are equal to each other, namely

N
D it =Y 1D, @m, 1) 01, Ss) W (147) P (0) TmW;E L.

ip=1 s,l,j,m,p
(22)

where we have used the heat flux formulations Eq. (16) on the
DOM side and Eq. (13) on the MC side. Eq. (22) is indeed a cumu-
lative version of “detailed energy conservation”, namely

No

> 10, ety = 1(P. @m. 1. @1, S5) W (1)) P (@) TmW;E L. (23)
io=1

where Ny represents the total number of energy packets with po-
larization p and frequency wy,; and other properties around the dis-
crete values Ss, ¢, and ;.

To determine the particles contributed to Eq. (23), it is required
to give the precise definition of the neighborhood of these discrete
points for further statistical operation. Considering the cumulative
distributions of S, ¢, and p in DOM

s I Jj
Cs=2§i0, CI=Z§iUv Cj=ZWi,,, (24)
io=1 ip=1 ip=1

for an energy packet at the contact interface from the MC side, if
its property So, ¢p, and g satisfies

C5_1 < SO < Cs, Cl—] < (,00 < C[, Cj—l < Mo < C', (25)
the properties of this energy packet are assigned to S, ¢;, and u;
on the DOM side, respectively. According to Eq. (23), the phonon
intensity across the contact interface from the MC side to the DOM
side can be obtained by

No

N0, Eeff
P. @m. [}, Q1. Ss) = , ’
V(P ©m. 14 1.55) ,02 W (1) P (9) DmW;E s

(26)
3. Verifications: Cross-plane Phonon Transport through Thin
Film

In this section, the proposed hybrid MC-DOM model is ver-
ified by considering the cross-plane phonon transport through
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(a)

(b)

Fig. 3. Cross-plane phonon transport through the single-layer thin film: (a) the physical model; (b) the spatial discretization diagram of the DOM subdomain and the
corresponding coordinate system. The dash lines denote the contact interface between the DOM and MC subdomains.

single/double-layer thin films and comparing the results of hybrid
model with the accurate ones from DOM algorithm [31,68]. The
1D transport is chosen for verification because of their simplicity
to obtain the accurate results by DOM. In particular, the efficiency
of the hybrid MC-DOM solver and pure MC solvers are compared
under the same error tolerance of temperature and heat flux re-
garding the former case.

3.1. Single-layer thin film

The steady-state cross-plane phonon transport through the
single-layer thin film at steady state is illustrated in Fig. 3. The
intensity-based BTE for 1D system here is reduced as below based
on Eq. (5)

Id 19— (B (Tsd) — 189(TS9
vg(a), D)M% — _ (pse( pse) ref( ref))

T@.p.T) : @7

where the reference equilibrium temperature is taken as a con-
stant. Three materials are simulated, namely Si, Al, and Ge, with
properties referred to Section 2.

The left and right isothermal boundaries are fixed at T, = 303 K
and Tg = 297 K with a constant reference equilibrium temperature
To1 =300 K. The total thicknesses L = 2Ly + L, of thin films are set
to 10 nm, 30 nm, ..., 90 nm, 110 nm, 210 nm, ..., 510 nm, with the
corresponding thicknesses L; set to 2 nm, 10 nm, 20nm, ..., 50 nm,
100 nm, 150 nm, ..., 250 nm in the DOM subdomains, respectively.
The spatial step Ax in DOM is fixed at 0.01 nm and the angular
domain is discretized into 32 Gaussian points. The total numbers
of energy packets in MC are set to 107. The maximum numbers of
iterations are set to 300 for the L < 90 nm and 600 for the others.

Fig. 4 gives the results of temperature and heat flux distri-
butions, as well as the cross-plane thermal conductivities simu-
lated by the present hybrid method. The effective cross-plane ther-
mal conductivity is defined by the phenomenological Fourier’s law,
A = —qL/(Tg — Tp) with the heat flux q across the film. All the re-
sults agree well with those calculated by DOM, which verifies the
present hybrid method for the case of the steady-state cross-plane
phonon transport through the single-layer thin film.

3.2. Double-layer thin film

The steady-state cross-plane phonon transport through a
double-layer thin film at a steady state is illustrated in Fig. 5 (a).
The intensity-based BTE of the present case is also Eq. (27) with a
constant reference equilibrium temperature. The films are of Al/Si

or Ge/Si with properties in Section 2. The spectral diffuse mis-
match model is adopted to describe the phonon behavior at the
interface [47].

The left and right isothermal boundaries are set to T, = 303 K
and Tz = 297 K with a constant reference equilibrium temperature
Tt =300 K. The total thicknesses L = 2L + 2L, are set to 20 nm,
60 nm, ..., 220 nm, with the corresponding thicknesses L; set to 7
nm, 25 nm, 45 nm, ..., 105 nm in the DOM subdomain. The spatial
step Ax of DOM is fixed at 0.01 nm and the angular domain is
discretized into 48 Gaussian points. The total numbers of energy
packets in MC are set to 107. The maximum numbers of iterations
are set to 500 for the L < 10 nm and 800 for the others.

Figs. 6 and 7 shows the comparisons of the temperature dis-
tribution and the thermal boundary conductance between the
present hybrid method and DOM. Here the thermal boundary con-
ductance is defined by G = q/AT, where AT denotes the tempera-
ture jump at the interface. The above results agree well with each
other, verifying the present hybrid method for the case of steady-
state cross-plane phonon transport through the double-layer thin
film.

3.3. Discussion on the efficiency

The computational efficiency of the present hybrid MC-DOM is
compared with that of pure MC method in this subsection by con-
sidering the single-layer case in Section 3.1. The flow chart of the
two methods to be compared here is illustrated in Fig. 8. The to-
tal thicknesses for the films simulated by two methods are set
equal. Due to the lack of the analytical solution for the present
case, the heat flux obtained by the DOM is used as the accurate
result after a number of iterations to reach the sufficient accu-
racy. The comparison of computational efficiency between the hy-
brid method and pure MC method is denoted by the total compu-
tational time under prescribed target error tolerance between the
calculated value and the exact value.

Single layer made of Si is considered in this subsection. The
thickness is fixed at 100 nm with T, = 301 K and Tz = 299 K. For
the Monte Carlo method, the initial number of the energy pack-
ets is set to N; = 2 x 10°%. For the hybrid method, the thicknesses
of the DOM and MC subdomains are fixed at L; =45 nm and
L, = 10 nm, respectively. The spatial and angular steps in DOM'’s
discretization are set to 0.01 nm and 32 for a better balance of ac-
curacy and efficiency. Since the thickness of the MC subdomain in
the hybrid method is one-tenth of the total thickness, the initial
number of the energy packets is set to N, = 1 x 10° and the num-
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Fig. 7. The thermal boundary conductance at various total thicknesses: (a) Al/Si film; (b) Ge/Si film.

ber step in the second stage of iterations is set to N3 =2 x 10°.
From a try calculation, the accurate results can be obtained after
about 60 iterations.

Since the rate of convergence shows distinctions between the
temperature and heat flux, the efficiency comparison is performed
separately under two types of convergence criterions correspond-
ing to the relative errors defined by the above two variables, re-
spectively. Specifically, the whole film is uniformly divided into
40 grids and the relative errors are calculated at the center of
these grids. The relative errors based on the temperature and

40
the heat flux are defined as or = 45 > |To — TS|/TE and og =
a=1

40
25 Y 190 — q51/q5, where a is the index of the unit, T, and qq the
a=1

temperature and the heat flux obtained by MC and the hybrid
method, T{ and ¢ the exact values of the temperature. The target
relative errors are set to 1.5 x 10~ and 1 x 10~* for the tempera-
ture and the heat flux respectively.

Table 2 presents the results of the required computing times for
the target error tolerance by MC and the hybrid method. It is found
that for the temperature calculation, the computing time of the

hybrid method is about one in 136 to that of MC, indicating that
the computational efficiency of the former is much higher than the
latter, while for the calculation of the heat flux, the computational
efficiencies of both methods are comparable. It is inferred that the
huge difference between the results for the temperature and the
heat flux may be ascribed to the different error tolerances set to
temperature and heat flux, which indicates the high performance
of our hybrid method when a high-precision result is required. It is
expected that once the system scale is comparable to microns, the
required number of energy packets in MC will be quite large to
satisfy even a less stringent demand on the target accuracy, which
makes our hybrid method appealing and useful.

Nevertheless, the relative performance among the modeling
methods (e.g., hybrid BTE-based mesoscopic methods and hybrid
BTE-diffusion methods with either particle-based or discretization-
based BTE solvers) is strongly influenced by several factors, includ-
ing the physical requirements (e.g., characteristic system length
and phonon mean free path) and numerical issues (e.g., interfa-
cial complexity and error tolerance). Regarding the hierarchy of the
methods on their applicability of characteristic length scale of the
simulated system, it remains an open question whether the “op-
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Fig. 8. The flow chart for the comparisons of the computational efficiencies of two methods: (a) pure MC method; (b) the hybrid MC-DOM, where i, denotes the minimum
number of iterations for DOM subdomains to reach an accuracy approximated to the target one, which is required to start the second stage of iterations.

Table 2

The comparison for the computing times of Monte Carlo method and the hybrid method.

Method Computing time (for temperature) ~ Computing time (for heat flux)
Pure MC 12674 s 111 s
Hybrid method 93 s 110 s

timized scale window” exists for the hybrid MC-DOM model, in
which the scale is small enough for the macroscopic method to
be invalid and large enough for the computational costs of the
stochastic method (required to suppress the statistical variance to
satisfy the prescribed error tolerance) to be prohibitive. Detailed
comparisons of the accuracy and efficiency performance between
our mesoscopic hybrid MC-DOM model and other models (e.g., MC,
DOM, hybrid BTE-diffusion method) are required but far beyond
our concern in this work, and thus will be left to further studies.

4. Applications: In-plane Phonon Transport through Thin Film

In this section, the hybrid MC-DOM model is applied to the
in-plane phonon transport through single/double-layer thin films.
Specifically, the 2D in-plane transport through a single layer thin
film is first verified by comparing the results with the accurate so-
lution of phonon BTE. Then the hybrid MC-DOM model is adopted
to study the influence of rectangular rough interfaces on the in-
plane phonon thermal conductivity of the double-layer thin film,
which shows the superiority of our novel hybrid method for those
mesoscopic systems with complex interfaces.

4.1. Single-layer thin film

The steady-state in-plane phonon transport through the single-
layer thin film is simulated by the present hybrid method, as
shown in Fig. 9(a). The constant external temperature gradient is

applied at x direction along the film. The intensity-based BTE for
the present 2D system is reduced as below based on Eq. (5):

a1 o1t (Iose(Tose) — Ieh(Tet)) — I
Vexge + Ug,y@ = T(w,p.T)

where Qy = —vg- VIZL(TZ1(x)) is the volume heat source by in-
troducing the reference equilibrium temperature varying with x
linearly, which represents the external temperature gradient and

paves the way to implement the periodic heat flux boundary con-
dition [51,66], Vgx = Vg and vgy = Vgsing,/1 — u2.

+Qy, (28)

d d 189 (e — ed (T _Id
B0 vysing Tt - () i) 21 g,

(29)

The single layers made of three materials are simulated in this
subsection, namely Si, Al, and Ge, whose properties are referred to
Section 2.

The equilibrium temperatures at the left and right periodic heat
flux boundaries are set to Ty = 301 K and Tz = 299 K, respectively.
The thicknesses of the films at x direction are Ly =1 nm and the
external temperature gradients are calculated by VT = (Tg — T.) /Lx,
with the reference equilibrium temperatures set to Tri‘g(x:O) =
301K and Tol(x = Ly) =299 K. The total thicknesses L = 2Ly + L,
are set to 20 nm, 30 nm, ..., 100 nm and the thicknesses L, are set
to 7 nm for L = 20 nm and 10 nm for the other cases in the DOM
subdomains. The spatial step Ax in DOM is fixed at 0.25 nm and
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Fig. 9. In-plane phonon transport through the single-layer thin film: (a) the physical model; (b) the spatial discretization diagram of the DOM subdomain and the corre-
sponding coordinate system. The dash lines denote the contact interface between the DOM and MC subdomains.

the numbers of discrete points for ;« and ¢ are set to 32 and 200
respectively, while the numbers of the energy packets in MC are
set to 2, 3, ..., 10 (x107). The maximum numbers of iterations are
set to 600.

The heat flux distributions and in-plane thermal conductivities
obtained by the present hybrid method are compared with the an-
alytical solution in Fig. 10. The effective in-plane thermal conduc-
tivity is also obtained based on the phenomenological Fourier’s law
A= —fOL gxdy/VT. Good agreements of all the comparisons show
that the present hybrid method has been verified for the case
of the steady-state in-plane phonon transport through the single-
layer thin film.

4.2. Double-layer thin film with a rough interface

Finally, the hybrid method is applied to study of the in-plane
phonon transport through a double-layer thin film with a peri-
odic rectangular rough interface, as shown in Fig. 11. The pe-
riod and height of the roughness are 4L3 and hy. The upper and
lower boundaries of the films are adiabatic boundaries with a
completely diffuse scattering. The left and right boundaries are
taken as the periodic heat flux boundaries as before. Two mate-
rial pairs are considered here, namely 1(Ge)/2(Si) and 1(Al)/2(Si),
with same properties as mentioned before, and the volume ratio of
the two materials in each film are fixed at 1. The external tempera-
ture gradient is calculated by VT = (T — T.) /4L3, where T, = 301 K
and Ty = 299 K are the temperatures at the left and right periodic
heat flux boundaries. The total thicknesses of all films are fixed
at L =40 nm. The spatial steps along x and y directions as 1 nm.
The numbers of the energy packets in the region of MC are set to
1.6 x 107. The maximum numbers of the iterations for the hybrid
method are set to 60.

Three groups of cases are considered here to investigate the in-
fluence of the interfacial roughness to the in-plane thermal con-

10

ductivity of the double-layer thin film. In the first group, the
heights of the rough interface hy are fixed at 10 nm, the lengths
L3 are set to 2.5 nm, 4 nm, 5.5 nm, 7 nm, 8.5 nm, and 10 nm, and
the thicknesses of the DOM subdomains L; are fixed at 10 nm. In
the second group, the lengths L3 are fixed at 4 nm, the heights of
the roughness hy set to 8 nm, 12 nm, 16 nm, 20 nm, 24 nm, and
28 nm, and the thicknesses of the DOM subdomains set to 10 nm,
10 nm, 8 nm, 6 nm, 4 nm, and 3 nm. In the third group, the ratios
of height and period are fixed at 1, the heights of the roughness
hg set to 8 nm, 12 nm, 16 nm, 20 nm, 24 nm, and 28 nm, and the
thicknesses of the DOM subdomains set to 10 nm, 10 nm, 8 nm,
6 nm, 4 nm, and 3 nm.

The effective in-plane thermal conductivity is calculated by A =
—fOL qxdy/VT. As shown in Fig. 12, the in-plane thermal conduc-
tivity increases with the increased period of the rough interface
for the fixed height, while decreasing with the increased height
of the rough interface and the increased height and period with a
fixed ratio. The physical mechanism for the previous results is an-
alyzed as below. As shown in Fig. 13, among the interfaces with
the roughness, two kinds of interfaces can be recognized, i.e., the
ones parallel to and the others perpendicular to the direction of
the heat flux, which are related to the period and the height of
the roughness respectively. Due to the reflection of phonons by
the interface, which makes the non-equilibrium effect at the inter-
face perpendicular to the heat flux is larger than that at the other
kind of interface and thus the larger thermal resistance along the
previous interface, which makes the scattering intensity between
phonons and the interface perpendicular to the heat flux impact
more greatly on the in-plane thermal conductivity. Based on the
results above, the thermal resistance of a double-layer thin film
can be regulated by adjusting the number of or the distance be-
tween the two kinds of interfaces, especially when the total thick-
ness of the film becomes comparable to the phonon mean free
path.
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5. Conclusions

In summary, via developing the numerical algorithm to ex-
change the information between Monte Carlo method (MC) and
discrete ordinates method (DOM) subdomains, a hybrid MC-DOM
model for steady-state phonon transport is proposed in the present
work. The hybrid method is first verified by simulating the cross-
plane phonon transport through the single/double-layer thin films.
If high-precision results are required, the computational efficiency
is substantially improved compared with pure MC for the tem-
perature calculation. The in-plane phonon transport through the
single/double-layer thin film with the periodic rectangular rough
interface is simulated by the hybrid method. The results show that
the in-plane thermal conductivity of thin film is impacted more
greatly by the change of height of the roughness, corresponding to
those roughness interfaces perpendicular to heat flux. The present
work promotes the mesoscopic numerical tools, and the results on
impact factors of the in-plane thermal conductivity provide the in-
sights to the optimized thermal designs in micro/nanosystems.
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Appendix A. Formation of Intensity-based deviational DOM
A.1. One-dimensional case

For 1D cases, the spatial discretization of the DOM subdomain
is illustrated in Fig. 3 (b). Eq. (27) is discretized using the semi-

implicit upwind scheme [33]

d d Igjlm,p B ( ;ge,i,j,m,p B Iregfm,p)
M(Fimp = o, imp) = = T (@n.p.T) - (30)
where m = Vg(w’”A%E)l”fl and oy =sign(u;). Eq. (30) could be re-
arranged to the following form for iteration
B mif e+ (e imp — letmp)/T (@m. P, T)‘ a1)

m+1/t(wm,p,T)
A.2. Two-dimensional case

Similar to the 1D cases, the semi-implicit upwind scheme is
also used for the discretization of 2D phonon BTE Eq. (29)

d d d d
m (Ii,u,j,l.m,p - Ii—au,u,j,l.m,p) +m; (Ii.u,j,l,m,p - Ii,u—w,j,l,m,p)

. _(F" -1
iuj.l.mp pse.iu.jlmp ‘refimp
= +Q

T(®m.p,T)

. (32)

vg(wm.p)|sing)| 1*#? .
where m; = , My = Ay , oy = sign(;),

and o, = sign(sing,). Eq. (32) could be re-arranged to the follow-
ing form for iteration

vg(wm.p)|u;l
Ax

9 -9
d d pse,i,u,j,l,mp refimp
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